In spite of recent contributions to the literature, informative cluster size settings are not well known and understood. In this paper, we give a formal definition of the problem and describe it from different viewpoints. Data generating mechanisms, parametric and nonparametric models are considered in light of examples.
Introduction
Clustered data problems are encountered everywhere in biomedical research and, not surprisingly, the statistical methods involving the analysis of cluster correlated data have been subject to intensive research even until today. A typical situation is that instead of sampling N independent and identically distributed (i.i.d.) random variables, the researcher samples observations in (say) M clusters with known cluster memberships. Observations within a cluster tend to be similar in some way but can be assumed independent across clusters.
To be more specific, write Y i1 , ..., Y iN i for the N i observations in the ith cluster, i = 1, ..., M. Let X ij be a possible vector of (random or fixed) explanatory variables for the response value Y ij , i = 1, ..., M; j = 1, ..., N i . The cluster sizes N 1 , . . . , N M are often simply thought to be fixed design constants. In the linear regression model it is then assumed that, for a correct value β, (i) the marginal distributions of ǫ ij = Y ij − β ′ X ij are all the same,
(ii) all the bivariate distributions of (ǫ ij , ǫ ij ′ ), j = j ′ are the same, and (iii) ǫ ij and ǫ i ′ j ′ , i = i ′ are independent.
If multivariate normality of the random errors ǫ ij can be assumed, for example, the most popular technique for valid statistical inference for the parameter β is to employ mixed models with cluster effects as random effects. Alternatively, one can work out the variance terms for different test statistics, and modify the tests accordingly. Introduction of weights (indirectly present in likelihood inference for mixed models) can potentially improve the efficiency of the analysis, but variance adjusted test and estimating procedures based on different weighting schemes all provide valid statistical inference in this model. If N 1 , ..., N M are random and the joint distribution of the random errors ǫ ij does not depend on N 1 , ..., N M , it is still reasonable to assume that (i)-(iii) hold.
A much more complex setting arises when the cluster size may have an influence on the measured values, or vice versa, or possibly they are both influenced by a third, unobservable latent variable. The setting is termed informative cluster size, because the cluster size-which is now also a random variable-could then carry information about the quantities or parameters of interest. Recent examples of informative cluster size problems in the biostatistical literature include:
• volume-outcome studies [Panageas et al., 2007] where specialized surgeons treating many patients may have better outcomes than those treating few patients;
• periodontal studies [Williamson et al., 2003 , Wang et al., 2011 where patients with fewer teeth tend to have poorer condition of the still remaining teeth;
• radiation toxicity studies [Datta and Satten, 2008] , where the number of measurements on successive measurement on an individual depends on the number of radiation therapies, which in turn depend on the underlying severity of cancer.
More examples are provided in Dunson et al. [2003] , Williamson et al. [2007] and Williamson et al. [2008] , among others. Hoffman et al. [2001] , in their original paper, defined nonignorable cluster size as any violation of the property that E(Y ij |X ij , N i ) = E(Y ij |X ij ) in the framework of generalized estimation equations. As the recent interest in informative cluster size problems has gone far beyond that particular setting, it makes sense to define the concept in a more general way.
Definition 1. We say that cluster size is noninformative if
Otherwise, it is called informative. Cluster size is conditionally noninformative if
Otherwise, it is conditionally informative.
The first part of the definition shows that, in the case of noninformative cluster size N i and exchangeable Y i1 , ..., Y iN i , the characteristics of their common marginal distribution can be estimated consistently in the usual way, given that the variance terms are corrected appropriately for clustering. By exchangeability we mean that
for all permutations (p 1 , ..., p N i ) of (1, ..., N i ). Similarly, if the cluster size is conditionally noninformative, the relationship between Y ij and X ij is not influenced by cluster size and standard clustered data methods can be used. The standard approaches are not sufficient if the condition is violated.
The outline of this paper is as follows. We first discuss possible data generating mechanisms and appropriate models. They are illustrated with examples from the literature. In section 3, we formulate extensions of common quantities of interest-such as quantities of location, scale, and correlation, and regression coefficients-as alternative functionals, and discuss appropriate choices among their sample counterparts.
Section 4 gives a general recipe for constructing tests on the functionals. The theory is illustrated with an example on patients with incomplete spinal cord injuries in Section 5 and Section 6 provides concluding remarks.
Models for informative cluster size problems
A reasonable basis for statistical modeling is to assume that the measurements in the ith cluster are: the cluster size N i and a realization of a stochastic process (Y ij ) 
The cluster variables V 1 , . . . , V M are assumed to be independent and identically distributed with some probability measure P(V ). The goal is to make valid and efficient statistical inference on the marginal distribution of Y ij 's, which can be a result of an unconventional data generating mechanism. Any violation of the first condition in Definition 1 means that the cluster size cannot be ignored while making inference on the marginal distribution of Y ij 's, but needs to be accounted for.
Remark 1.
A formal way of definition of probability distributions of
where N is the cluster size, can be written as follows.
Let (Ω, F , P ) be the common probability space on which
The appropriate σ-algebra on X is the σ-algebra generated by the π-class Π = ∅ ∪ { {k} ×
We define P V on such sets by P V (∅) = 0 and
Then we must have
Since the distribution of
, is a proper probability distribution,
and hence
Therefore, by the π-λ theorem [Billingsley, 1995] , P V has a unique extension on σ(Π).
For designed experiments, we also may have a fixed sequence of design variables (X ij ) ∞ j=1 so that the cluster variables are
the conditional distribution of Y ij |X ij may again be confounded by the cluster size.
Parametric models
Informative cluster size settings frequently appear in the biomedical literature. There are three natural ways to generate these type of data. If the parametric model for the data generating mechanism can be correctly identified, maximum likelihood estimates and likelihood ratio tests can be employed for statistical inference.
1. Models where the cluster size is assumed to have an influence on the outcomes.
The data can then be thought to be generated in the following way: First, N i is generated from its marginal distribution. Second, (Y ij ) ∞ j=1 are generated from a conditional distribution conditioned on N i . If the unobserved are integrated out, the likelihood for what we observe is
See Remark 1. These types of models are frequently found in the literature. The joint density f (Y i1 , . . . , Y iN i |N i ) can be for instance a multivariate normal with a intracluster correlation coefficient ρ(N i ).
Example 1 (Fetal weights of mice, Dunson et al. [2003] ). A female mouse is mated with a healthy male likely to result in growing fetuses. If fewer fetuses are produced, more space and nutritional resources will be available for those fetuses.
Therefore, there will be an inverse association between litter size and the fetal weights.
2. Models where the cluster size is assumed to depend on the outcomes. We suppose that the sequence (Y ij ) ∞ j=1 is first generated from its marginal distribution, and N i is then generated from its conditional distribution conditioned on (Y ij ) Example 2. In the analysis of recurrent events during follow-up periods of fixed lengths c i , individuals (clusters) with a tendency to shorter gaps contribute more events to the analysis than individuals with a tendency to longer gaps. Now
and the observation Y ik is right-censored. As a result of the design, Kaplan-Meier estimates are biased estimates of the marginal survival function. Exchangeability condition holds for Y i1 , ..., Y i,k−1 . Such designs are also subject to other complexities; Huang and Chen [2003] give a discussion.
3. In latent variable models, a third unobservable random variable ξ i is assumed to be simultaneously influencing both the cluster size N i and the outcomes Y i1 , Y i2 , . . .. 
This is a model where exchangeability is met as well.
Example 3 (Williamson et al. [2003] ). Consider the association between the disease status of teeth, from a sample of individuals, and explanatory variables of interest. Disease status of teeth from the same person are correlated, and the individuals with poor dental status are likely to have fewer teeth. Poor dental health or hygiene can be thought to be the latent variable influencing both the disease status and the number of teeth.
Note that introduction of treatments on the female mice in Example 1 may conceptually change it to a latent variable model. As nicely explained by Dunson et al. [2003] , treatments may have an effect on fetal weight with or without an effect on fetal losses.
Treatment may be acting on some unidentified latent variable, which influences both fetal weight and fetal losses. They argue that in settings like this, it is important to model the cluster size and the outcomes jointly, although the probability distribution of the cluster size is rarely of direct interest.
Nonparametric models
We have seen in the previous subsection that under appropriate assumptions parametric models can be used. In can be argued, though, that these conditions along with the usual distributional assumptions are fairly restrictive, and perhaps unrealistic. In some settings it may be difficult to postulate a model with natural parameters.
In the nonparametric approach, the general aim is to make inference on the distributions of Y i1 , . . . , Y iN i with an unspecified data generating mechanism. Bickel and Lehmann [1975a,b] introduced the general idea that one should first define measures (functionals) of different interesting characteristics of the population and then use the corresponding sample statistics as estimators. For example, if Y 1 , ..., Y M is a random sample from an unknown univariate distribution F , then for the sample meanȲ =
2 , the corresponding functionals are the mean functional µ(F ) = xdF (x) and the variance functional
respectively. Under general assumptions on F , two functionals µ 1 (F ) and µ 2 (F ) may recover the same value (e.g. the mean functional and the median functional in the nonparametric model of symmetric distribution) but the statistical properties (e.g. efficiency and robustness) of the corresponding estimates (the sample mean and the sample median) may be completely different. The functional approach has now been generally adapted in the robust community. The approach seems particularly attractive in the framework of informative cluster size as it avoids much of the inevitable complexities in the parametric approach.
Quantities of interest as functionals
So far, the literature around informative cluster size problems has focused mainly on regression problems and less on the inference on the marginal distribution of the outcome.
This section fills the apparent gap and defines a range of useful marginal quantities for informative cluster size settings.
Mean and variance functionals
Let V 1 , . . . , V M be a random sample from distribution P(V ). Commonly, the population functional of interest is a marginal expected value. Under exchangeability, or if
. . are identically distributed conditionally on N i , the target parameter is then E(Y i1 ). However, this assumption is not needed throughout, and is relaxed in Remark 2.
A popular approach to estimate the parameter of interest has been to sample one observation from each cluster randomly, apply standard methods for these i.i.d. observations, and "average over" all resampled sets [Hoffman et al., 2001] . Alternative resampling strategies have also been proposed [Chiang and Lee, 2008] . Indirectly but essentially this approach weights observations from different clusters with the inverses of the cluster size. Another way of doing this would be to take the first observation of each cluster. Or to take all of them, and assign weights.
Our approach first identifies functionals, which recover the value E(Y i1 ), and secondly, chooses among the corresponding sample statistics. Consider functionals T (P)
for the unknown probability measure P. Assuming that Y i1 , ..., Y iN i are exchangeable, possible functionals are, for example,
which lead to sample statisticŝ
respectively. Although T 1 and T 2 are equal at the population level under the exchangeability or conditional identical distribution assumption, the corresponding sample statistics are very different. Note that under general assumptions,
where
A consistent estimate of τ 2 (P) iŝ
Example 4 (Population mean). Consider the model
where µ i ∼ N(0, 1) and ǫ ij ∼ N(0, 1) independently, and the cluster sizes are generated
The dependency of cluster size on the realizations of µ i induces the informative cluster size property. We wish to estimate the population mean E(Y i1 ) = E(Y ij ) which is zero in this case.T 1 andT 2 are naturally unbiased, that is,
The regular sample meanT
is generally not unbiased and not even consistent for E(Y i1
). In fact, there is no corresponding functional T 3 (P). The expected value ofT 3 depends not only on n a and n b , but also on M (see Figure 1 ).
The variances of the two unbiased estimatorsT 1 andT 2 are, of course, quite different:
and we conclude thatT
is the preferred estimate for the population quantity E(Y i1 ).
Remark 2. If it cannot be assumed that Y i1 , ..., Y iN i are exchangeable, a location center can still be defined as an expected value of a randomly chosen observation in a random cluster, which still serves as a descriptive statistic of the distribution. This functional is then defined in the sample space of
where α i is a pseudo random variable uniformly distributed in {1, ..., N i }. Also α i and Y i1 , . . . , Y iN i are conditionally independent conditioned on N i . Let P * be the resulting probability measure. Then the location functional is T (P * ) = E * (Y iα i ). It is then straightforward to see that
This can be generalized into cases where α i is not necessarily uniformly distributed.
Remark 3. If the cluster size is noninformative, Y i1 , ..., Y iN i exchangeable, and we wish
to estimate E(Y i1 ), all the weighted means
are unbiased. Optimal weights can be found in some simple settings. Recall that, for informative cluster size, weights proportional to N −1 i in the ith cluster guarantee unbiasedness. It may be possible to find other classes of weights that would also result in estimates having this property.
In a similar way, there are several possible functionals for the variance of Y i1 . Again,
is appropriate under exchangeability but loses information, and
is the most natural modification of the sample variance in this setting. It is only asymptotically unbiased. Unlike in the standard setting, a general correction term to correct for the bias in finite samples cannot be given. The variance functional corresponding toŜ 2 is naturally
Other distribution functionals
Let F denote the marginal distribution of a randomly chosen Y in a random cluster.
The cumulative distribution function F (y) and the corresponding quantiles q α = F −1 (α) still serve as useful summary measures of the marginal distribution even when exchangeability assumption is violated (Remark 2). A natural functional for F (y) is
The corresponding quantile functional q α (P) satisfies
The properly estimated cumulative distribution function yield corresponding estimates of quantiles as well. The conventional estimate
is biased for these purposes and there is no corresponding functional.
Even though the correct functional form may appear obvious, we stress that this simple functional structure must be maintained in all levels when the functional nests other functionals within it. This need for caution can be demonstrated by investigating the correct functional of the α-trimmed mean
where the q α/2 and q 1−α/2 are the corresponding quantiles. Now the quantiles themselves are functionals which should be based on the correctly defined cumulative distribution functionals.
Another example is the sample correlation, where the correct functional form employs three redefined functionals, as shown by Example 5.
Example 5 (Sample correlation coefficient). Suppose that we observe a sample of i.i.d.
clusters with bivariate observations
where Y ij = µ i + ǫ ij with µ i ∼ N 2 (0, I 2 ) and ǫ ij ∼ N 2 (0, I 2 ). Thus, Y ij1 and Y ij2 are uncorrelated (Cov(Y ij1 , Y ij2 ) = 0) but the cluster size is informative in the following way. Assume that large cluster sizes appear only when both components are large,
where n a = 1 and n b = 10. Consider the biases of different sample statistics for
Deviation from zero indicates linear dependency and thus, it is clearly not a good estimate of the marginal covariance functional of interest. The weighted covariance func-
is still off the target because of the biased location estimate, and the correct covariance functional,
where the estimate of the mean vector is
The appropriate covariance functional is
To estimate the unknown correlation coefficient Corr(Y ij1 , Y ij2 ), the correct covariance functional should be standardized using the square root of the product of appropriately defined marginal variance functionals.
Example 5 shows that incorrect functional forms can indicate dependency when
it is actually an artefact caused by informative cluster size. The opposite, incorrect functionals suggesting no dependency in presence of real correlation, could also happen in a setting where the cluster sizes are related to the outcomes in a specific way.
Sign and rank based functionals
Much of the literature on informative cluster size has been on nonparametric methods.
It thus makes sense to define the basic sign and rank concepts and related quantities in the same functional spirit.
Suppose that the interest lies in the median of the distribution of Y i1 rather than its expected value. Alternative location functionals for this marginal median are then T 1 (P) and T 2 (P) which satisfy A modified sign test statistic related to T 2 is
which is a special case of weighted sign tests considered by Larocque et al. [2007] , but in the case of noninformative cluster size, with weights chosen as 1/N i . Again, standard asymptotics show that the standardized and quadratic form of the test statistic has a limiting chi-square distribution with one degree of freedom under the null hypothesis.
A signed-rank test for informative cluster size problems was considered by Datta and Satten [2008] . Their test is based on the within-cluster resampling approach proposed by Hoffman et al. [2001] , which cleverly avoids the modeling of the covariance structure.
The concepts of rank and signed-rank can be defined in an informative cluster size setting in a functional manner. The estimate for the cumulative distribution functional
An apparent modification of the rank of Y ij is, accordingly,F (Y ij ). For the signedrank concept we first need
and then the signed-rank of Y ij is sign(Y ij )F + (|Y ij |). The signed-rank test statistic for testing whether the symmetry center of the distribution of Y ij is zero is then
This test has been proposed in Datta and Satten [2008] , where also the limiting distribution is found via the resampling strategy.
To define the Hodges-Lehmann location functional for the distribution of Y i1 we need, as in the i.i.d. case, two independent copies of the distribution of V , say, V i and V i ′ . Alternative location functionals T 1 (P) and T 2 (P) satisfy
respectively. Note then thatT 1 is the Hodges-Lehmann estimate calculated from M observations Y 11 , ..., Y M 1 andT 2 is the weighted Hodges-Lehmann estimate based on all N observations. The signed-rank test given above is related to the latter functional.
Regression L 2 functionals
In the linear regression case the cluster variables are (N 
are exchangeable and that, for the correct β, E ((
Possible regression coefficient functionals in this case are β 1 (P) and β 2 (P) satisfying
Thenβ 1 is the least squares estimate based on (X 11 , Y 11 ), ..., (X M 1 , Y M 1 ) andβ 2 is a weighted least squares estimate using all the observations in the appropriate way.
Again, in the case of informative sample size, there is no functional corresponding to the naive estimateβ satisfying
It is useful to note that from the estimating equation
we get by straightforward calculation that
The first part of the right hand side converges in probability to its expected value, and the second part clearly has a limiting normal distribution. Thus, the statistical inference on the regression coefficients (β 2 − β 2 ) can be based on a normal distribution with mean zero and a covariance matrix, which can be estimated by the sandwiching formÂ −1BÂ−1 ,
in the sample space of
Functional β(P * ) then is a measure of "average regression".
In standard cluster specific random effects models, if the cluster size distribution only depend on the random effect but not on the covariates, then a simple calculation
shows that the corresponding components of the estimators without the 1/N i weight also converge to the correct regression parameters. In other words, in such cases, the classical analyses will also work for such parameters but the estimates of the other parameters including the intercept terms will continue to be biased. Benhin et al.
[ 
Regression M functionals
In the univariate case, simultaneous (naive) M functionals β(P) and σ(P) for linear regression are given by equations
where now
Recall that, in maximum likelihood estimation,
and w 3 (R) ≡ 1, and Huber's estimate, for example, is given by 
Iteration steps to compute the estimatesβ andσ are:
1. first update the residuals
next the weights
3. and finally obtain new values ofβ andσ aŝ
The covariance matrix estimate ofβ can be approximated by the sandwich estimatê
Test construction
Suppose that the null hypothesis of interest H 0 implies that (or can be formulated as)
where E * corresponds to the probability measure P * overlying the distribution of 
As for example, if we are interested in testing H 0 : E * (Y iα i ) = 0, then the null hypoth-
* is a valid test statistic, it is objectionable: (i) this may be inefficient since a large part of the data will be ignored depending on which observations are chosen by the particular realization of the random indices α i and (ii) the artificial randomization itself may be unsatisfactory for practical application and may lead to additional variability. Therefore, an appropriate strategy will be to take a further expectation of this test statisticT * with respect to conditional distribution of the indices α i given the original clustered data V 1 , . . . , V M leading to the test statistiĉ
Depending on the problem, this can sometimes be analytically calculated exactly or approximately (up to terms that are asymptotically ignorable, as M → ∞) through a linear approximation ofT * Satten, 2005, 2008] . In the one sample problem of testing location symmetry, Datta and Satten [2008] adopted the signed-rank statistic for clustered data by selectingT * to be the regular signed-rank statistic for i.i.d. data.
It turns out that the resultingT is algebraically equivalent to the signed-clustered rank test statistic we obtained in Section 3 from an intuitive consideration via statistical functional.
The test statisticT can always be estimated using a Monte-Carlo technique that is in the same spirit of the original within-cluster resampling proposal by Hoffman et al. [2001] for the estimation problem:
where a large number B sets of realizations of the random indices (α 1 , · · · α M ) are
drawn.
An estimate of the sampling variance of this test statistic can be computed in one of three possible ways:
(i) by analytical calculation involving linearization techniques such as projections;
(ii) by the Monte-Carlo variance formula
with the assumption that one has a variance formula for the statisticT * ; or (iii) by bootstrap resampling of the entire cluster of observations V i and by empirical variance of the test values of the test statistics calculated with the resampled data.
is a consistent estimate of the limiting variance of The sample mean of the ten meter walking speed (meters/second) isT 3 = 0.439.
The weighted mean (weights inversely proportional to cluster size) isT 2 = 0.493. This indicates that the marginal mean is underestimated without the proper weighting; in fact,T 3 does not estimate any population functional and it is therefore not a proper estimate. The sample statisticT 1 = 0.373 does not estimate the same quantity asT 2 , either, because the assumption of exchangeability is not reasonable due to improvement in patient conditions over time (Figure 2 ).
We investigate for further illustration purposes the behavior of four estimates of β in the linear model of the form
for studying the effects of gender (1 if can result into consistent estimates of the slope parameters [Neuhaus and McCulloch, 2011] ; a finding that is supported by these analyses. This, however, is not the case even in a random intercepts model if the covariate is related to the cluster sizes [Wang et al., 2011 , Lorenz et al., 2011 . In our setting the explanatory variables are not closely related to the cluster sizes and this is a potential reason for the good performance of the linear mixed model here. Among these methods, our preference would be the ICSWLS leading to unbiased estimates without computational burden due to resampling of data.
Inverse cluster size weighted Huber's estimate provides a robust alternative to these methods and performs extremely well for this particular data set with similar estimates of regression coefficients and smaller standard errors throughout.
Concluding remarks
This paper gives an account on appropriate models, summary statistics and generalizing statistical classical, nonparametric and robust procedures on clustered data with possibly informative cluster size. We have demonstrated how subtle the problem is, and hope to have convinced the reader of a general method of dealing with it by appropriate functionals, leading to weighted sample statistics. In fact, it seems to us that the whole classical statistical theory, and the theory of robust statistical procedures with the concepts such as the breakdown point and influence function can be reformulated along these lines for informative cluster size problems.
It is clear that not all clustered data suffer from informative cluster size. Nevertheless, it seems like a good idea to investigate the distribution of the responses as function of the cluster size by means of graphical summaries or similar, to make sure this is not the case. Note, however, that the proposed modified properties are valid also if the cluster size is not informative, at the possible cost of losing some efficiency relative to optimally weighted procedures. 
